In this paper, we define the adjacency-Jacobsthal-Hurwitz sequences of the first and second kind. Then we give the exponential, combinatorial, permanental and determinantal representations and the Binet formulas of the adjacency-Jacobsthal-Hurwitz numbers of the first and second kind by the aid of the generating functions and the generating matrices of the sequences defined.
Introduction
It is well-known that Jacobsthal sequence {J n } is defined recursively by the equation
for n > 0, where J 0 = 0, J 1 = 1.
In [5] , Deveci and Artun defined the adjacency-Jacobsthal sequence as follows:
J m,n (mn + k) = J m,n (mn − n + k + 1) + 2J m,n (k) for k ≥ 1, m ≥ 2 and n ≥ 4 with initial constants J m,n (1) = · · · = J m,n (mn − 1) = 0 and J m,n (mn) = 1. It is easy to see that the characteristic polynomial of the adjacency-Jacobsthal sequence is f (x) = x mn − x mn−n+1 − 2.
Suppose that the (n + k)th term of a sequence is defined recursively by a linear combination of the preceding k terms: a n+k = c 0 a n + c 1 a n+1 + · · · + c k−1 a n+k−1 where c 0 , c 1 , . . . , c k−1 are real constants. In [10] , Kalman derived a number of closed-form formulas for the generalized sequence by the companion matrix method as follows:
Let the matrix A be defined by 
Let an nth degree real polynomial q be given by
In [9] , the Hurwitz matrix H n = h i,j n×n associated to the polynomial q was defined as shown: 
Recently, many authors have studied number theoretic properties such as these obtained from homogeneous linear recurrence relations relevant to this paper [3, 4, 6-8, 11, 12, 14, 16-19] . In this paper, we define the adjacency-Jacobsthal-Hurwitz sequences of the first and second kind by using Hurwitz matrix for characteristic polynomial of the adjacency-Jacobsthal sequence of order 4m. Then we develop some their properties such as the generating function, exponential representations, the generating matrices and the combinatorial representations. Also, we give relationships among the adjacency-Jacobsthal-Hurwitz sequences of the first and second kind and the permanents and the determinants of certain matrices which are produced by using the generating matrices of the adjacency-Jacobsthal-Hurwitz sequences of the first and second kind. Finally, we obtain the Binet formulas for the adjacency-Jacobsthal-Hurwitz sequences of the first and second kind by the aid of the roots of characteristic polynomials of the adjacency-JacobsthalHurwitz sequences of the first and second kind.
The Main Results
It is readily seen that Hurwitz matrix for characteristic polynomial of the adjacency-Jacobsthal sequence of order 4m, H J 4m
is defined by
if i = 2ı and j = 2m + ı for 1 ≤ ı ≤ 2m, 0 otherwise.
respectively. It can be readily established that the adjacency-Jacobsthal-Hurwitz sequences of the first and second kind have the following exponential representations, respectively:
By equations (1) and (2), we can write the following companion matrices, respectively:
The companion matrices C 1 m and C 2 m are called the adjacency-Jacobsthal-Hurwitz matrices of the first and second kind, respectively. For detailed information about the companion matrices, see [13, 15] . Let J 
and
for α ≥ 1. Note that det C
. . , k v ) be a v × v companion matrix as follows:
Now we concentrate on finding combinatorial representations for the adjacency-Jacobsthal-Hurwitz numbers of the first and second kind. Now we consider relationships between the adjacency-Jacobsthal-Hurwitz sequences of the first and second kind and the permanents of certain matrices which are obtained by using the generating matrices of these sequences.
Let u 4m be a positive integer and suppose that M are the u × u super-diagonal matrices, defined by 
Then we can give the permanental representations other than the above by the following theorem. Thus we have the conclusion.
There is a similar proof for the matrix A Now assume that the matrices T = t i, j u×u and S = s i, j v×v are defined by
Then we give relationships between the adjacency-Jacobsthal-Hurwitz sequences of the first and second kind and the determinants of the Hadamard products M 
